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An approximate solution is given for the problem of steady-state 
temperature and thermal-stress distribution in a thin cylindrical 
shell partially filled with a liquid. Radiative heat transfer is taken 
into account. 

C o n s i d e r  the s t e a d y - s t a t e  convec t ive  hea t ing  of a 
thin v e r t i c a l  c y l i n d r i c a l  she l l  p a r t i a l l y  f i l l ed  with 
l iquid  to a cons tan t  o r  s lowly  v a r y i n g  leve l .  Let  the 
t e m p e r a t u r e  of the ou te r  d i a t h e r m i c  su r round i ngs  
b e  Te,  and a s s u m e  that  the f i lm coef f i c ien t s  be tween 
the su r round ings  and the she l l  h and between the 
s h e l l  and the l iquid h/,  as  wel l  as the p h y s i c a l  
p r o p e r t i e s  of the  she l l ,  a r e  un i fo rm and independent  
of t e m p e r a t u r e .  The she l l  is  a s s u m e d  to be g r ay  
with r e s p e c t  to r ad i a t i on  and su f f i c i en t ly  long fo r  
end ef fec ts  to be neg l ig ib le .  The  l iquid is  b l ack  
with r e s p e c t  to r ad i a t i on  and has  a cons tan t  t e m p e r a -  
t u r e  T 1. Under  these  a s s u m p t i o n s ,  t ak ing  account  of 
the in t e rna l  r a d i a t i v e  heat  t r a n s f e r  in the she l l ,  
we obtain the h e a t - b a l a n c e  equat ions  fo r  the she l l :  

I a__a_l ~ ~ d'h(~) + ] _  
~ D ]  Bi d ~ 

- -  t , ( ~ ) - - q t ~ ( ~ ) - - ( ~ q ( ~ )  = O, ~ O, ( 1 ) 

,5 )2 1 d~t~(~) 
- 5  Bi  d ~  ~ + 1 - -  

- -  t z ( ~ ) - - m [ t ~ ( ~ ) - - t l ] - - o t ~ ( ~ ) = O ,  ~ < 0 ,  (2) 

q(~)=#,(~)--~tr n)dn--r i ~ ~(~, n)dn+ 

+ (1-e),fq(n)K(~, n)dn, ~ >o, 
0 

(3) 

with the bounda ry  condi t ions  

k e r n e l  [1], which, in the ca se  of a c i r c u l a r  cy l inde r ,  
can be r e p r e s e n t e d  in the fo rm [2, 3] 

K(~, ,1) -- 1 - -  [(~ - -  ~1) 2 + 3/2] I~ - 9I/[(~_ - -  ~1) ~ + 1] ~/', (5) 

y i e ld ing  for  ~ > r~ 

v~ 

f K(~, , 1 ) d , ] -  (~--~1)2q-1/2 
[(~-- B)~ + 11'/, 

- ( L - n ) .  (6)  

It is known [3], that  the k e r n e l  (5) of the i n t e g r a l  
equat ion can be a p p r o x i m a t e d  with suf f ic ien t  a c -  
c u r a c y  by  the function exp (--21 ~ - 771), 

K(~, ,1) "~ exp (--  2 I~--,ll), (5') 

so  tha t  the  i n t eg ra l  (6) be c ome s  

1 
= -=- exp [- -  2 (~ - -  ,i)] (~.>'1). (6') 

2 

R e p l a c i n g  (5) and (6) in equat ion (3) by  t h e i r  a p -  
p rox ima t ions  (5') and (6'), we obtain 

% 
q(~) - t ~ ( ~ ) - -  ; t~( , I )exp[- -2(~--~l ) ]d , ] - -  

0 

- -  i t~01)expI--2(~--~)]dq--  

2 e x p ( - - 2 ~ ) +  (I - -  e) J ~ q (~) e x p [ -  2 ( ~ -  ~l)]d~+ 
0 

where  

dq dt~ 
t t  (o) = t~(o), ~ CO) = - ~  (o), 

dt____~ ( ~ ) = O, dr.,. d~ ~ ( -  oo) = o, (4) 

+ ( 1 -  e) j" q 01)exp [--  2 (~l - -  ~)] d q. (3') 

D i f fe ren t i a t ing  (3') twice  and s u b t r a c t i n g  4q(~) f rom 
d2q(~)/d~ 2 , we obtain the d i f f e r e n t i a l  equat ion fo r  
q(~), 

~--~ x/D, t = TIT e, q = qnet/e coT~. t I = T l /To  

3/ r e = h i / h ,  Bi:=hg/k.  o =  ecoTc, h. 

The in t eg ra l  equat ion of r ad i a t i ve  t r a n s f e r  (3) is  a 
F r e d h o l m  equat ion of the second  kind with a s y m m e t r i c  

d2q (f) d ~ [r (~)l 4 e q ( ~ ) = - - ,  ~ > 0 .  (7) 
d ~ d ~z 

The d i f f e r e n t i a l  equat ion (7) is  equ iva len t  to the in-  
t e g r a l  equat ion (3') and can be used  as an a p p r o x i -  
ma t ion  to equat ion (3). The boundary  condi t ions 
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for  (7) can be obtained by sa t i s fy ing  the in tegra l  
equation (3') at two points. At ~ = 0 we have 

q(O) = t~(O) t~2 S t~ 01)exp (-- 2q)drl+ 
0 

+ ( 1 - - e ) f  q(rl)exp(--2q)drl,  
0 

and at ~ ~ ~ we have,  in view of (3') and (4'), 

(8) 

q(o:) = 0. (9) 

In the specia l  case  when t~ = | = const  (| = T / T e L  
the solution of (7) with the boundary conditions 
(8), (9) is 

1 q (~) -- ~ 
8 V 1  § 

(04--  t~) exp ( - -2  V;~).  (10) 

This solution holds in the case  of a semi- inf in i te  
un i formly  heated cyl indr ica l  shel l  radia t ing into 
s p a c e ( T / =  0) o r  toward a per fec t ly  black bottom 
with the t empera tu re  T l. We see that the "edge" 
of the shell  (~ = 0) loses  the net radiat ive heat  flux 

~o ( r ' -  rI),  qnet(O) = e coT~. q (0) 1 + V'~- 

and the attenuation length of qnet(X) is approxi-  
ma te ly  D/VE. 

Consider  now the System of different ial  equa-  
t ions (1), (2), (7) with the boundary  conditions 
(4), (8), (9). It can be eas i ly  seen that in the ab-  
sence of radiat ion (a  = O) the solution is 

t~ (~) = Ox-- #, exp (-- ~,,~), } > O, 

t2(U = O~§ ~ < O, (11) 

where 

INZHENERNO-FIZICHESKII  ZHURNAL, NOVEMBER 1965 

and the two conditions requi r ing  that equations (1), 
(2) be sat isf ied at ~ = 0. To wri te  down the la t ter  
conditions in explici t  form,  we must  f i r s t  solve 
equation (7) for  t~ (~) as given by (11). Taking 
account  of (9) and assuming  n~T~ ~ 4e, n = 1, 2 , 3 , 4 ,  
we have 

[ o,3 
q (~) -- C exp (-- 2 ]/8-[) - -  4a/~ O,~ [ ~ _ 48 exp (-- TI~) - -  

6 0 ~  90~#~ 
4"~--48 exp(- -2y~)  ~ 97~__4e X 

4#? ] 
X e x p ( - - 3 ~ O - -  16~,~--48 e.xp(--4W~) , ~ > 0 ,  (14) 

where C is de te rmined  by (8), 

c - ~ ( o ; -  ~)+ - -  
~+V? 

2e8, [ 4 (2§  03- -  
1 +}/-8 [ y~--48 

, 4 ( 2 + 3 y 0  Ox{)~-- 
4y~ - -  48 4y~ - -  48 

2+4yt  1 ~ - ~  ~ ]  ,(15) 

Substituting t (O f r o m  (11) and q(~) f rom (14) into 
equations (1) and (2) for  ~ = 0, we obtain the non- 
l inear  a lgebra ic  equations for  the constants  ~ 1, ~ ,  
Tt, T2- 

1+ ; -e- 3~1 + 2 V e- + 

V i ~ m  ( 0 1 - - 0 2 ) ,  ~1 D V ~  , O x :  1, #, l + ~ ] - ~ m  = - ~  

O, 1 + mtl, , ~ _ , - - - 1  (01 - -  02), 
l + m  l + l / l + m  

W = ~ VB~I(1 -k m). 

Using the collocation method, we shal l  seek  an 
approximate  solution of the sy s t em (1), (2) in the 
f o r m  (11), where O1, O 2 are  the s t eady-s t a t e  t em-  
pera tures  at + ~, and - . r  given by 

1--O~--o0~= 0, 1 + t o o  - -  (1 § 0. (12) 

The constants  ~1, J2, T1, T2 a re  de te rmed  by the two 
compatabi l i ty  conditions at ~ = 0 (4), which yield 

# , §  ~1#1 =u (13) 

[ (  l ) 
--~1 80~a 1. l §  ~l+2rF~ + 1 - -  

] 
- k--D-] - - ~ - J  + ] + v ' ~  

6(5 2 03 

+ l §  = 0 .  (16) 
Bi 

Thus,  with (31 and e 2 de termined by (12), we have 
4 a lgebra ic  equations (13), (16) for  ~1, J2, Yl, Tv 
Solving these equations numer ica l ly  (e.g. by suc -  
cess ive  approximations) ,  we obtain an approximate  
t empera tu re  profi le in the shel l  in the fo rm of 
equation (11), which for  a = 0 reduces  to the exact  
radia t ionless  solution. 
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In the case  ~fi, Yl >> 1, which is the mos t  in t e res t -  
ing one f rom the prac t ica l  point of view, equations 
06)  yield 

~'7 = - 6 - - )  Bi I-F 

i (o? - tJ ) ]  
o? - - ( o ,  - %)' - ~(1 + ~ "7.1 

+ 20 O, ' ] =/,(O,). 

y2, =_ ~ Si l + m - : - o  (O~-!-O2P--O~ 
- o~ =/:(o,~. (17) 

Since,  in view of (13), 

Ot ( 1 8 )  

the second equation in (17) yields 

with the boundary  conditions 

_~c..'__ (~)  -- o, a~u (~1 = o. 
d~ d~ -~ 

dU d ~ i  " 
- d ~ - ( - ~ )  =o .  - - - ( - ~ ) ~ ,  0 . d ~ ,  

The moments  and forces  a re  then 

E 8 ~ 6 d ~'U C') M(U - ~ 7", 
24 ( I -- v ~) D d ~ 

O ( O  = - 
E5 

24 ( 1 - -  v'q 

.v, ~_) = E6 

48  (1 - -  v2) 

' )-" d~b ' (~) __ 
u T,, , - -~  ' d ~  

= E 6u T,  IV (~,) - -  t {~)1. 

[ ] '  %,~ ::: O, - -  o,O~- - -  O~ . "l.-, ( 0 ,  - -  0.. - - O,) = ,~, (O,). 
Substituting t(~) f rom (11) into (211 and solving this 
equation, we obtain 

The in te rsec t ion  of the two curves  T~ = fl ($,) and 
Y~l = ~0t (0t), 0 < t~ l < O t - O z de t e rmines  Yt, 0t, and 
hence,  with (18), Tl, 02. 

In the case  when the heat t r a n s f e r  on the liquid 
side predominates ,  m > 1, (12), (17), and (18) can 
be approximated  by 

O: = t  l ,  0.. = 0 ,  Ol .=Oi - - t  l ,  

y~.._/D\:'iT) m {1-:-2o[ - - ,  l 

' ] } 
2 ( 1 -  i~:-) ( ~  

and the t empe ra tu r e  profi le in the shell  is then 

(19) 

6 '(0 = O~ 4 + ~  exp(--  T~D -',- 

-.bC 1 exp (-- k,D cos k~ --t- C~ ex p (-- k D sin k ~, g > 0, 

U (D = 0~. i 40~ 4 + [~ exp('r ~ 

-:-Caexp(kOcosk~ + C, exp(kDsink~,  ~ < O, 

where 

I (01__0~)+ O, [ 1 ] c, = - -g 2 + p , -  -2- ' 

+ . . . . . .  e, [2__p2+ I p:~] 
4+p~ -2 ~ ' 

h ( D =  O ~ - - ( O ~ - t  l ) e x p ( - u  ~>  0, 

h (~.) :--- tz., .~ < 0, 
(20) 

where 01 is de te rmined  by the f i r s t  equation in (12). 
Using the t empera tu re  profi le (11), we can find 

the s t eady - s t a t e  t he rma l  s t r e s s e s  produced in the 
shel l  by the nonuniform heating. The deflection of 
a thin cyl indr ica l  shell  in an a x i s y m m e t r i c  t em-  
pera tu re  field U (~) = 2w(~)/DrvT e is de te rmined  
within an additive constant  by the equation [4] 

a,u (~) 
a p 

...... + 4k'6 ' (~) -- 4k~l (~.L 

c.,:= o, [ , ,] 
- 4 § ~ ~' ~- ~f ! -gl~:; :- 

[ 1 O~ I p:, . 

+-:~ + ~---T ~' - ~5 ~ 2 -' 

I C~ = -:- (0, - -  0~) 
2 

~ 
0:1~ ~ [2-bJ],--I [8~], 

4 +  2 

[ ]- } c, 4+ ..)-I~ . . . . . .  c- p~+ I~ ,  4- .  p~ 2 

), = y,:k, ft.., :,- y..k. 

D) ~ 
I ~ =  12(I--v"-) ,-~- (21) Thus,  thermal  radiat ion can have a s ignif icant  

effect  (which inc reases  with the d imens ionless  
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parameter  a) on the temperature and thermal-  
s t ress  distribution in the shell. 

Using an analogous method, one can obtain also 
the approximate solution for the case when the 
liquid level varies at a constant speed. 

NOTATION 

T) absolute temperature;  x) coordinate; qnet) net 
heat flux lost by the shell by internal radiation; h) 
heat t ransfer  coefficient; ~,) thermal conductivity; 
e) emissivity; co) Stefan-Boltzmann's constant; D, 
6 ) diameter and thickness of shell; co) deflection 
of shell; E) Young's modulus; v) Poisson's  ratio; 
~) linear coefficient of expansion; M, Q, Ns) moment 
and forces in the shell. 
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